Based on the phenomenological Skyrme interaction various density-dependent nuclear matter quantities are calculated up to second order in many-body perturbation theory. The spin-orbit term as well as two tensor terms contribute at second order to the energy per particle. The simultaneous calculation of the isotropic Fermi-liquid parameters provides a rigorous check through the validity of the Landau relations. It is found that published results for these second order contributions are incorrect in most cases. In particular, interference terms between s-wave and p-wave components of the interaction can contribute only to (isospin or spin) asymmetry energies. Even with nine adjustable parameters, one does not obtain a good description of the empirical nuclear matter saturation curve in the low density region 0 < ρ < 2ρ 0 . The reason for this feature is the too strong density-dependence ρ 8/3 of several second-order contributions. The inclusion of the density-dependent term 1 6 t 3 ρ 1/6 is therefore indispensable for a realistic description of nuclear matter in the Skyrme framework.
Introduction and summary
Mean-field theories are widely used to analyze a large variety of many-body systems for which the independent particle picture can be applied. In nuclear physics, mean-field approaches generally lead to satisfactory results for bulk properties of atomic nuclei, such as their masses, radii and ground-state deformations. However, in some cases improvements beyond the mean-field treatment are definitely needed. For instance, mean-field models do not predict accurately the single-particle spectra (i.e. energies, spectroscopic factors and fragmentations of single-particle states), especially close to the Fermi energy. A possibility for improvement is given by introducing the coupling between individual nucleon degrees of freedom and collective degrees of freedom.
Phenomenological Skyrme forces have been used widely and successfully for non-relativistic nuclear structure calculations of medium-mass and heavy nuclei [1, 2] . In effect such purely phenomenological two-body interactions can be viewed as to provide a convenient parameterization of the nuclear energy density functional on which the self-consistent mean-field treatment (in the form of solving the Kohn-Sham equations) can be based. In order to go beyond the common mean-field (Hartree-Fock) approximation, second-order calculations with the phenomenological Skyrme force have been pursued in recent works by Moghrabi, Grasso et al. [3, 4, 5, 6] . These exploratory studies have been concerned with the second-order contributions to the equation of state of infinite isospin-symmetric nuclear matter and pure neutron matter. Since the (two-body) Skyrme interaction is of zero range, divergences occur at second order in many-body perturbation theory, which have been treated either by cutoff regularization [3, 4] or by dimensional regularization [5] . It has been concluded in refs. [4, 5] that after readjusting the parameters of the Skyrme interaction a simultaneous good reproduction of the equation of state of isospin-symmetric and isospin-asymmetric nuclear matter can be achieved at second order.
However, a closer inspection of the published expressions for the second-order contributions in ref. [5] raises doubts about their completeness and correctness. The first deficit is the omission of a second-order contribution from the spin-orbit term proportional to W 0 . This p-wave interaction term averages to zero in infinite matter at first order, but not at second order (see e.g. appendix A in ref. [7] for the second-order contributions from a "boson-exchange" spin-orbit interaction). Secondly, the stated expressions [5] for the energy per particle of isospin-symmetric nuclear matter and pure neutron matter include interference terms between s-wave and p-wave components of the Skyrme interaction (i.e. terms proportional to t 0 t 2 and t 1 t 2 ). It is very questionable how such a mixing of different parities could be induced by the (homogeneous) nuclear medium. Moreover, the expressions for the cutoff-independent second-order contributions given in a later paper [6] by the same authors disagree partly with those published in ref. [5] .
These apparent inconsistencies provide good reason to reconsider and extend the calculation of the Skyrme interaction to second order in nuclear matter. The present paper is organized as follows: In section 2, the Skyrme force is introduced as a Galilei-invariant two-nucleon contactinteraction in momentum space. On this basis, first-order Hartree-Fock results are rederived for a variety of density-dependent nuclear matter quantities, such as the energy per particle and the (isospin and spin) asymmetry energy. Section 3 is devoted to the second-order calculation in manybody perturbation theory. We employ a scheme where the in-medium (particle-hole) propagator is decomposed into the vacuum propagator and a medium-insertion. This scheme has the advantage that ultraviolet divergences appear only in the second-order Hartree and Fock diagrams with two medium-insertions. The pertinent one-loop rescattering in vacuum is treated by dimensional regularization and shown to vanish identically. As a consequence the genuine second-order terms arise entirely from the Hartree and Fock diagrams with three medium-insertions. The occurring finite integrals over three Fermi spheres can be solved analytically and the results for the nuclear matter quantities consist of even powers of the Fermi momentum k f multiplied with products of the Skyrme parameters and a numerical coefficient of the form ln 2 + r j , where r j is some rational number. It is found that the energy per particle of isospin-symmetric nuclear matterĒ(k f ) and pure neutron matterĒ n (k n ) do not include any s-wave and p-wave interference terms at second order. However, such sp-interference terms show up in the (isospin and spin) asymmetry energies. The reason and condition for sp-mixing to emerge is explained in appendix A by considering the in-medium loop for a proton-neutron pair in nuclear matter with unequal proton and neutron densities. In section 4, the effective nucleon mass and the isotropic Fermi-liquid parameters are calculated up to second order. These results allow for a rigorous check through the validity of several Landau relations [8] . In section 5, the effects of tensor interactions at second order are computed. Actually, with the inclusion of two independent tensor terms the Skyrme force gets completed to the most general two-nucleon contact-interaction quadratic in momenta. In section 6, the iteration of the Skyrme force with the one-photon exchange is considered. This mechanism generates a charge-symmetry breaking contribution to the energy density of protons, which could help to resolve the Nolen-Schiffer anomaly [9] . This anomaly refers to the observation that the binding energy differences of mirror nuclei cannot be explained by the Coulomb interaction of the protons alone. Remarkably, one finds an infrared-finite result for the energy per protonĒ p (k p ) even though a regulator photon mass m γ has be introduced initially. Section 7 deals with some provisional parameter fits. It is found that with nine adjustable parameters in the complete second-order expression, one does not obtain a good reproduction of a realistic nuclear matter saturation curve in the low-density region 0 < ρ < 2ρ 0 . The reason for this failure lies in the too strong density-dependence ρ 8/3 of several second-order contributions. From this observation one can conclude that the inclusion of (ad hoc) density-dependent terms is indispensable for a realistic description of nuclear matter in the Skyrme approach. At a formal level, these are taken into account by performing appropriate parameter substitutions, t 0 → t 0 + 1 6 t 3 ρ 1/6 and t 0 x 0 → t 0 x 0 + 1 6 t 3 x 3 ρ 1/6 , in all first-and second-order expressions derived in this work. Let us clarify that the main purpose of this paper is to compile the (correct) analytical expressions for various nuclear matter quantities as they arise from a second-order calculation with a two-body contact-interaction of the Skyrme type. The question of whether improvements are possible in comparison to a first-order mean-field approach has to be explored in future studies.
First-order Hartree-Fock calculation
This section serves mostly for orientation. We introduce various density-dependent nuclear matter quantities and specify their first-order Hartree-Fock contributions. The Skyrme interaction is a zero-range two-nucleon contact-interaction with transition matrix-element in momentum-space:
Here, P σ = (1 + σ 1 · σ 2 )/2 is the spin-exchange operator and q in = ( p 1 − p 2 )/2 and q out = ( p 1 ′ − p 2 ′ )/2 denote half of the momentum difference in the initial and final state, respectively. This particular form of V Sk , involving only external momentum differences, is dictated by Galilei invariance (and invariance under time-reversal: q in ↔ − q out , σ 1,2 → − σ 1,2 ). The individual terms in eq.(1) stand for: s-wave contact interaction (t 0 ), s-wave effective range correction (t 1 ), p-wave contact interaction (t 2 ), and spin-orbit interaction (W 0 ). The general contact-potential up to order p 2 , as it is commonly used in chiral effective field theory [10, 11, 12] , has two additional tensor terms which will be studied separately in section 5. Note that we have not explicitly written in eq.(1) the density-dependent Skyrme term 1 6 t 3 (1 + x 3 P σ )ρ 1/6 . Formally, it can be included through the substitution of parameters t 0 → t 0 + t 3 x 3 ρ 1/6 in all following formulas. However, from a rigorous point of view such density-dependent couplings will lead to a conflict with basic many-body relations (Landau relations [8] and Hugenholtz-Van-Howe theorem [13] ), whenever derivatives with respect to density ρ are involved. The first-order Hartree and Fock diagrams generated by V Sk are shown in the upper part of Fig. 1 . The short double-line symbolizes the medium-insertion (i.e. the difference between the inmedium and vacuum nucleon-propagator) proportional to the step-function θ(k f −| p j |). The Fermi momentum k f is related the (total) nucleon density in the usual way, ρ = 2k
2 . Performing the appropriate spin-and isospin-traces and integrals over two Fermi spheres, one obtains for the energy per particle of isospin-symmetric nuclear matter the well-known first-order expression:
In the same way, but leaving out the isospin-trace, the energy per particle of pure neutron matter comes out as:Ē
with k n the neutron Fermi momentum related to the neutron density by ρ n = k 3 n /3π 2 . Another important quantity of high interest is the isospin asymmetry energy of nuclear matter. An isospinasymmetric configuration with unequal proton and neutron Fermi momenta
1/3 is realized by the substitution:
for the medium-insertion and an additional expansion of the (asymmetric) energy per particle:
around δ = 0 defines the density-dependent isospin asymmetry A(k f ) of nuclear matter. The first-order Hartree-Fock contribution from the Skyrme interaction V Sk has the well-known form:
In an analogous way the density-dependent spin asymmetry energy S(k f ) of nuclear matter can be constructed. The substitution in spin-space:
with k ↑,↓ = k f (1 ± η) 1/3 the Fermi momenta of the spin-up and spin-down nucleons, is followed by an expansion of the energy per particle of spin-polarized nuclear matter around η = 0:
In the absence of any quantitative empirical knowledge, the minimal condition to be satisfied by the spin asymmetry energy is that it must be positive: S(k f ) > 0. This guarantees the spinstability of nuclear matter by excluding a phase transition to a ferromagnetic state of lower energy density. The first-order Hartree-Fock contribution to S(k f ) from the Skyrme interaction V Sk reads:
One notices that the expression for S(k f ) (1st) can be obtained from A(k f ) (1st) in eq. (6) by just changing the signs of the two parameters x 0 and x 1 . The reason behind this connection is an equivalent form of the contact-interaction which results from V Sk in eq.(1) through the substitutions:
with P τ = (1 + τ 1 · τ 2 )/2 the isospin-exchange operator. The known eigenvalues of P σ and P τ are (−1) S+1 and (−1) I+1 with S, I ∈ {0, 1} the total spin and isospin quantum numbers. Since the parameters t 0 and t 1 act only in s-wave states with S + I = 1, one has effectively for s-waves the equality P σ = −P τ . Likewise, the parameter t 2 acts only in p-wave states with S + I = 0, 2 and therefore for p-waves the opposite equality P σ = P τ holds. Another obvious consequence of the equivalent interaction is that only the combinations t 0 (1 − x 0 ), t 1 (1 − x 1 ) and t 2 (1 + x 2 ) can contribute in neutron matter, since P τ = 1 for a two-neutron state. This is exemplified by calculating the first-order contribution to the spin asymmetry energy of pure neutron matter:
Again, the density-dependent quantity S n (k n ) must be positive: S n (k n ) > 0, in order to prevent neutron matter from a ferromagnetic instability at low and moderate densities. We conclude this section by giving the contributions from the relativistically improved kinetic energy:
where M = 939 MeV denotes the average nucleon mass.
Second-order Hartree-Fock calculation
In this section we derive analytical expressions for the contributions to the introduced nuclear matter quantities as they arise from a second-order calculation with the Skyrme interaction V Sk . At second order in many-body perturbation theory the energy density is represented by closed three-loop Hartree and Fock diagrams with either two or three medium-insertions. The first set involves the rescattering of two nucleons in the vacuum (i.e. without Pauli blocking corrections). For the contact-interaction V Sk this one-loop diagram leads to principal-value integrals of the form:
with q = ( p 1 − p 2 )/2, where p 1,2 are two external momenta inside the Fermi sphere | p 1,2 | < k f . The first factor in eq. (14) is the energy denominator and the other factors in curly brackets come from the Galilei-invariant contact-interaction. After angular integration and partial fraction decomposition of the radial integrand one gets power divergences of the form ∞ 0 dl{1, l 2 , l 4 }, which are set to zero in dimensional regularization. The remaining convergent principal-value integral − ∞ 0 dl(l 2 −q 2 ) −1 = 0 vanishes identically. As a side remark we note that cutoff regularization would provide additional terms Λ 1,3,5 , Λ 1,3 q 2 and Λ( q 2 ) 2 proportional to odd powers of the cutoff Λ. For the first two the Λ-dependence could be absorbed into the coupling constants t j and t j x j , while the last one would require the introduction of a four-derivative contact-interaction.
In dimensional regularization (or after renormalization) one is therefore left with the Hartree and Fock diagrams with three medium-insertions shown in the lower part of Fig. 1 . These lead to (finite) principal-value integrals over three Fermi spheres of the form:
with q 1,2 = p 3 − p 1,2 . The first factor M/( q 1 · q 2 ) is again the energy denominator and the function H(...) is a polynomial of total degree two or less in its three variables. In order to evaluate eq. (15), one eliminates p 2 in favor of q 2 and integrates over a shifted Fermi sphere | q 2 − p 3 | < k f . The upper boundary for the dq 2 -integration is then
3 y 2 , with the directional cosine y =q 2 ·p 3 . By applying this procedure to evaluate the nine-dimensional principal-value integrals, one is able to obtain analytical results for all second-order contributions. Let us also note that for s-wave interactions ∼ t 0 , t 1 the Hartree and Fock diagram contribute with opposite sign, whereas for p-wave interactions ∼ t 2 , W 0 the Hartree and Fock diagram contribute with equal sign.
Putting all pieces together one ends up with the following expression for the second-order contribution from V Sk to the energy per particle of isospin symmetric nuclear matter: 
The first important observation one can make is that there are no interference terms between s-wave and p-wave components of the Skyrme interaction V Sk . A detailed comparison to the expressions written in eqs. (16, 17) of ref. [5] reveals that therein only the term proportional to t
4 given in eq. (5) of the later paper [6] by the same authors represents no improvement either. It be should noted that ref. [5] did not use the advantageous scheme of expanding in the number of medium-insertions and therefore divergent integrals of the form eq. (14) as well as finite integrals of the form eq.(15) had to be continued together to d = 3 space-dimensions. Moreover, the Galilei-invariant formulation of the interaction V Sk in momentum-space is important.
By adding half of the (previous) Hartree contribution to the Fock contribution one arrives at the energy per particle of pure neutron matter:
As expected from the consideration of the equivalent interaction in section 2, the second-order resultĒ n (k n ) (2nd) involves only the parameter combinations t 0 (1 − x 0 ), t 1 (1 − x 1 ) and t 2 (1 + x 2 ). The corresponding expression given in ref. [5] is correct only with respect to the term proportional to t 0 t 1 (1 − x 0 )(1 − x 1 ), and the (simplest) term proportional t 2 0 (1 − x 0 ) 2 misses a factor 2 therein. Note that the factor (1033 − 156 ln 2)/385 appears also in eq.(32) of ref. [14] , where the secondorder contribution toĒ n (k n ) has been extracted from the resummation to all orders of particle-hole ladder diagrams generated by a spin-independent p-wave contact interaction.
The second-order contribution to the isospin asymmetry energy A(k f ) is more difficult to calculate. One has to evaluate now second derivatives with respect to δ at δ = 0 of principal-value integrals over three Fermi spheres with different radii k p,n = k f (1 ∓ δ) 1/3 . The complete expression for the second-order contribution from the Skyrme interaction V Sk to the isospin asymmetry energy of nuclear matter reads:
Note that the third-last and second-last contribution proportional to t 0 t 2 and t 1 t 2 are sp-mixing terms. These arise solely from the second-order Hartree diagram and they are made possible by the different radii of Fermi spheres involved. The reasons and conditions for sp-interference to emerge for a nuclear matter quantity are explained in appendix A by considering the in-medium loop for a proton-neutron pair in nuclear matter with unequal proton and neutron densities. In the same way (i.e. by evaluating derivatives ∂ 2 /∂η 2 at η = 0) the second-order contribution to the spin asymmetry energy S(k f ) of nuclear matter can be calculated. One obtains the result: 
which also includes sp-interference terms proportional to t 0 t 2 and t 1 t 2 . When treating the spin-orbit interaction at second order, the spin-trace over three polarized medium-insertions eq. (7) singles out the third component of the vector b = q 1 × q 2 , but by spherical symmetry of the integration region one can make replacement b
A good check of the intricate second-order calculation of asymmetry energies is provided by the relation:
whose first part follows by working with the equivalent interaction formulated in terms of the isospin-exchange operator P τ = (1 + τ 1 · τ 2 )/2 instead of P σ = (1 + σ 1 · σ 2 )/2. Obviously, the spin-orbit interaction produces different responses to asymmetries in isospin-space and spin-space. Finally, by reweighting the Hartree and Fock diagrams (with factors 1/2 and 1) one obtains the following second-order contribution to the spin asymmetry energy of pure neutron matter: 
This expression includes sp-mixing terms and it depends on the expected parameter combinations.
Effective nucleon mass and Fermi-liquid parameters
In this section, we study the effective nucleon mass and the isotropic Fermi-liquid parameters. Through interactions with the dense nuclear medium, nucleons acquire a momentum-and densitydependent self-energy and thereby turn into quasi-particles. Long-lived quasi-particle excitations exist only in the vicinity the Fermi surface | p | = k f and they are (kinematically) characterized by an effective mass. The ratio between the free nucleon mass M and the density-dependent in-medium nucleon mass M * (k f ) can be written in the form:
where the second term −k 2 f /2M 2 stems from the relativistic correction −p 4 /8M 3 to the kinetic energy. The effects of interactions are represented by the (dimensionless) quantity
2 with f 1 (k f ) the spin-and isospin-independent p-wave Landau parameter [8] . The first order contribution from the Skyrme interaction V Sk to the quantity R(k f ) reads:
In order to determine the corresponding second-order contribution, one has to evaluate the five direct and crossed one-loop diagrams (and their mirror-reflected partners) for forward scattering of two nucleons on the Fermi surface Fig. 2 . The p-wave projection is performed by angular averaging with a weighting factor 3p 1 ·p 2 . After a somewhat lengthy calculation one arrives at the following result: 
exc dir, exc dir exc Figure 2 : Direct and exchange diagrams representing the quasi-particle interaction at second order. Exchange diagrams need to be multiplied by the negative exchange operator −P τ P σ .
which interestingly depends on the same combinations of parameters t The isotropic (i.e. angle-averaged) quasi-particle interaction F 0 (k f ) on the Fermi surface | p 1,2 | = k f can be decomposed into four density-dependent (s-wave) Fermi-liquid parameters:
The importance of the isotropic Fermi-liquid parameters f 0 (k f ), f ′ 0 (k f ) and g 0 (k f ) stems from the fact that these obey exact relations to specific nuclear matter properties. The Landau relation [8] to the nuclear matter incompressibility K(k f ) reads:
where the expression on the right hand side is built up in the order: free nucleons with relativistic corrections, non-interacting quasi-nucleons, and finally interacting quasi-nucleons. The spin-and isospin-independent Fermi-liquid parameter f 0 (k f ) receives a first-order contribution of the form:
and the second-order contribution derived from the one-loop scattering diagrams in Fig. 2 reads: 
Note that in f 0 (k f ) (2nd) the same combinations of Skyrme parameters appear as in eqs. (16, 24) . The validity of the Landau relation eq.(26) betweenĒ(k f ), R(k f ) and f 0 (k f ) is immediately verified at first and second order and thus serves as an important consistency check of our calculation.
There exists a Landau relation [8] for the isospin asymmetry energy A(k f ) of nuclear matter:
which reflects again the composition: free nucleons with relativistic corrections, non-interacting quasi-nucleons, and interacting quasi-nucleons. The isospin-dependent Fermi-liquid parameter f ′ 0 (k f ) receives a first-order contribution of the form:
It is important to note that the Landau relation eq. (29) 
is valid at first and second order.
In an analogous way the spin asymmetry energy S(k f ) of nuclear matter is related to spin-spin part of the (isotropic) quasi-particle interaction:
The spin-dependent Fermi-liquid parameter g 0 (k f ) receives from V Sk the first-order contribution:
and the second-order contribution derived from the one-loop scattering diagrams in Fig. 2 reads:
with f ′ 0 (k f ) (2nd) written in eq.(31). The Landau relation eq.(32) between S(k f ), R(k f ) and g 0 (k f ) is just as well satisfied at first and second order.
Finally, there is the isovector spin-spin Fermi-liquid parameter g ′ 0 (k f ). The corresponding contributions from the Skyrme interaction V Sk at first and second order read: 
Note that sp-mixing terms are present in the three spin-or isospin-dependent Fermi-liquid parameters. Additional checks of our calculation are provided by the Fermi-liquid parameters f n0 (k n ) and g n0 (k n ) of neutrons in pure neutron matter. In order to obtain these from the computation of the isotropic quasi-particle interaction F 0 (k f ) in isospin-symmetric nuclear matter, one merely has to set P τ = 1, replace k f → k n , and multiply the left diagram in Fig. 2 (with a closed nucleon ring) by a factor 1/2. The p-wave Landau parameter f n1 (k n ) enters the effective neutron mass ratio R n (k n ) with a factor −Mk n /3π
2 . For the sake of completeness we list the relevant expressions for the neutron quasi-particle properties at first order:
and at second order: 
The pertinent Landau relations to the incompressibility K n (k n ) and spin asymmetry energy S n (k n ) of pure neutron matter (analogous to eqs.(26,32) but with a prefactor Mk n /π 2 at the last summand) are satisfied at first and second order. The quasi-particle interaction of neutrons in pure neutron matter, taking into account also the non-central tensor and cross-vector terms, has been calculated in ref. [15] on the basis of chiral two-and three-nucleon potentials in many-body perturbation theory up to second order.
Tensor interactions
The Skyrme interaction V Sk in eq.(1) depends on seven parameters. This are two less than the nine low-energy constants C S,T and C j , j = 1, ..., 7 appearing in general NN contact-potential of chiral effective field theory [10, 11, 12] up to order p 2 . A complete matching a achieved by supplementing to the Skyrme interaction V Sk two additional tensor terms of the Galilei-and time-reversal-invariant form:
Note that for both terms in V ten the spin-matrices σ i 1 σ j 2 are contracted with symmetric and traceless tensors depending on the external momentum-differences q in and q out . Because of these properties the first-order contribution from V ten as well as all its interference terms with V Sk vanish, regarding energies per particle and the central quasi-particle interaction in nuclear matter.
Using dimensional regularization (as discussed in the beginning of section 3) and evaluating the second-order Hartree and Fock diagrams in Fig. 1 with the tensorial contact-interaction V ten , one obtains the following contributions to the energy per particle of isospin-symmetric nuclear matter: 
and to the energy per particle of pure neutron matter:
The asymmetric medium-insertions introduced in eqs. (4, 7) lead to the following second-order contributions from V ten to the isospin asymmetry energy of nuclear matter: 
and to the spin asymmetry energy of nuclear matter: 
Interestingly, the t 4 t 5 -interference term is absent inĒ(k f ) (ten) and S(k f ) (ten) . The actual calculation of the second-order Hartree diagram produces in both cases an integrand H = t 4 t 5 (| q 1 | 4 − | q 2 | 4 ) for the triple Fermi-sphere integral in eq. (15) , but due to the symmetry q 1 ↔ q 2 of the other ingredients it integrates to zero. By reweighting the Hartree diagram with a factor 1/2, the second-order contribution from V ten to the spin asymmetry energy of pure neutron matter follows as: D 1 -state with total isospin I = 0. We continue with presenting the second-order contributions from V ten to the effective nucleon mass ratio:
and to the isotropic Fermi-liquid parameters: 
Note that t 4 t 5 -interference terms are present only in the isovectorial quantities f ′ 0 (k f ) and g ′ 0 (k f ). The simultaneous validity of the three Landau relations in eqs.(26,29,32) provides an excellent check of our second-order calculation with the zero-range tensor interaction V ten . The secondorder contributions from V ten to the neutron quasi-particle properties are obviously proportional to t 2 5 and they read:
6 Iteration of V Sk with one-photon exchange
The Skyrme interaction V Sk in eq.(1) can be viewed as a suitable phenomenological parameterization of the strong nuclear force. In nuclear matter (or finite nuclei) it affects protons and neutrons in the same way. This isospin-degeneracy gets lifted by taking into account the Coulomb interaction between the protons. A further charge-symmetry breaking contribution is provided by iterating the (strong) Skyrme interaction V Sk with the (electromagnetic) one-photon exchange, as depicted by the three-loop diagram in Fig. 3 . In the case at hand the iterated diagram with two medium-insertions does not vanish in dimensional regularization due to the presence of a photonpropagator [m 2 γ + ( l ± q ) 2 ] −1 , with m γ an infinitesimal photon mass. The limit m γ → 0 has to be taken after performing the d 3 l-loop integral, which results in: arctan(2| q |/m γ ) → π/2. After combination with the Pauli-blocking corrections (supplied by the iterated diagram with three medium-insertions) one obtains the following contribution to the energy per proton:
where however incorrect expressions have been used for the second-order contributions. Certainly, the fitting of parameters of the Skyrme interaction V Sk , when treated to second order, should go beyond the mere saturation curve and include as constraints all possible available properties of nuclear matter. Such a comprehensive analysis goes beyond the scope of the present paper. But the analytical calculations of a large variety of nuclear matter properties to first and second order as performed in this work lay the foundation for such a future study. The two diagrams in Fig. 6 represent the in-medium loop for an interacting proton-neutron pairwhere q out − q in is the Galilei-invariant momentum transfer. Taking V long as an interaction-vertex in momentum-space, the evaluation of the first-order Fock diagram and the second-order Hartree and Fock diagrams in Fig. 1 gives for the four-component system (nuclear matter): 
The expressions in the second lines of eqs.(67-70) stem from the interference terms of the Van-derWaals interaction V vdw with the (more long-range) β 2 -and β 4 -interactions. Finally, one notices that all interaction contributions derived here are in the form of even powers of the Fermi momentum, k f or k n . It is expected that the analytical results compiled in this appendix could be useful for certain condensed matter systems.
